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Abstract 

The solvable Lie algebra parametrization of the symmetric spaces 
is discussed. Based on the solvable Lie algebra gauge two equivalent 
formulations of the symmetric space sigma model are studied. Their 
correspondence is established by inspecting the normalization condi- 
tions and deriving the field transformation laws. 

1 Introduction 

The symmetric space sigma model [Il[2l[3llll[5l[6l[7l[8] has a field content 
of scalars which parametrize a homogeneous coset manifold G/K which is 
a Riemannian globally symmetric space for all the G-invariant Riemannian 
structures on it [9]. The theory is invariant under the parametrization pre- 
serving global (rigid) G*-action from the right and the local i^'-action from 
the left. The scalars transform nonlinearly under these actions. In general 
the global symmetry group G is a non-compact real form of a semi-simple 
Lie group and K is its maximal compact subgroup. The formulation of the 
symmetric space sigma model is based on the Cartan-Maurer form which 
is induced by the local parametrization of the coset representatives of G/K 
by the scalar fields of the theory. There are two equivalent formulations of 
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the symmetric space sigma model, the more conventional one which is also 
applicable to the cases where the scalar manifold is not a symmetric space 
is based on the decomposition of the Cartan-Maurer form which reveals the 
vielbein and the gauge connection identification of the scalar coset manifold 
G/K [ll [2l [To]. This formulation divides the Cartan-Maurer form into two 
parts; one is a coset generators valued one-form and the other takes values in 
the algebra of the maximal compact subgroup K. The second formulation of 
the symmetric space sigma model is based on the introduction of an internal 
metric [U H] . When one uses the solvable Lie algebra parametrization [H [11] 
to generate the coset representatives the analysis of the theory has simpli- 
fications in both of the formulations [SI [SJ [71 [S] • In [S] the Cartan-Maurer 
forms and the field equations of both of the formulations are studied when 
the solvable Lie algebra gauge is assumed. 

In this work following the construction of the solvable Lie algebra gauge 
or the solvable Lie algebra parametrization which has an essential role in 
our analysis we will study the lagrangians of both of the formulations in the 
solvable Lie algebra gauge to find a correspondence between them. We will 
inspect the normalization conditions then we will derive the transformation 
laws between the field contents of both of the formulations by assuming a 
normalization scheme. We will also mention about the relation between the 
two formulations when the model is coupled to other fields. 

In section two we will introduce the solvable Lie algebra gauge to pa- 
rameterize the coset manifold G/K of the symmetric space sigma model. By 
using the solvable Lie algebra parametrization we will derive the lagrangian of 
the symmetric space sigma model explicitly for both of the above mentioned 
formulations in section three. We will also compare the normalization condi- 
tions and we will obtain the transformation laws between the field contents 
of the two formulations by choosing a normalization convention. 

2 Symmetric Spaces and the Solvable Lie Al- 
gebra Parametrization 

The symmetric space sigma models are based on homogeneous manifolds 
|12j . the homogeneity is in the sense that there exists a transitive action of a 
Lie group G on these manifolds. These homogeneous spaces are in the form 
of a coset manifold G/K where G is in general a non-compact real form of 
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any other semi-simple Lie group and is a maximal compact subgroup of 
G. When G is a compact real form its maximal compact subgroup is G 
itself thus the coset space G/G is a single point and the corresponding sigma 
model is an empty set. The numerator group may as well be a split real form 
(maximally non-compact) of a semi-simple Lie group. 

The Lie algebra of the analytical subgroup is a subalgebra of the 
semi-simple Lie algebra Qq which is the Lie algebra of G. The Lie algebra 
fco is a maximal compactly imbedded Lie subalgebra of qq therefore it is an 
element of a Cartan decomposition of go [9] 

^o = fco©Po, (2.1) 

which is a vector space direct sum of the Lie subalgebra and a vector 
subspace po- Since G is a linear analytical Lie group the corresponding Lie 
algebra is non-compact for both of the cases when G is a non-compact 
or a split real form (although we consider it separately we should not forget 
that it is a limiting non-compact case). The map Uo : k + p — > k — p, for 
all G fco and p G po is the Cartan involution which generates (12. ip . The 
pair [qq, Uo) is an orthogonal symmetric Lie algebra of the non-compact type 
[9]. Thus we conclude that {G,K) is associated with {go,Uo) and it is of 
non-compact type too. The Cartan decomposition (12.11) is the eigenspace 
decomposition of Uq where the elements of fco have +1 eigenvalues and the 
elements of po have —1 eigenvalues under the involution mq. We also know 
that {G,K) is a Riemannian symmetric pair therefore the coset space G/K 
has a unique analytical structure induced by the quotient topology of G. 
The scalar manifold G/K is a Riemannian globally symmetric space for all 
the G-invariant Riemannian structures on g/kE^ The crucial consequence 
of this identification is that the exponential map Exp : go — > G induces a 
diffeomorphism 

Exp : Po G/K, (2.2) 

from the M'^*™-po manifold po onto G/K since it maps the elements of po onto 
the representatives of the left cosets G/K [9J. This result will enable us to 
define a parametrization of the scalar manifold G/K on which the sigma 
model will be constructed in the next section. 

Furthermore one may use the Iwasawa decomposition of go which is built 

^This is the origin of the name; symmetric space sigma model. 
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on the Cartan decomposition fl2.ip H and one may make use of the root space 
decomposition basis of Qq to parametrize the scalar coset manifold. The 
Iwasawa decomposition reads 

90 = ko® So 

(2.3) 

= hO) hpg © no, 

where is the Lie algebra of K and the algebra direct sum sq = hp^ © uq 
is a solvable Lie subalgebra of go which is isomorphic to the vector space po- 
In (12. 3p hp^ is generated by r non-compact Cartan generators {Hi}. Also 
the nilpotent Lie subalgebra no in (12. Sp is generated by a subset {-E/?} of 
the positive root generators of go where P G A+^. The roots in are the 
non-compact roots with respect to a Cartan involution 6 which is composed 
of the conjugation induced by the Cartan decomposition in (12.30 and the 
conjugation of go via its complexification [9]. The Cartan subalgebra ho 
generates an abelian subgroup in G which is called the torus. Although we 
call it torus it is not the ordinary torus topologically in fact it has the topology 
(S^)"^ X R" for some m and n and if it is diagonalizable in M (such that m = 0) 
then it is called an i?-split torus. These definitions can be generalized for the 
subalgebras of ho as well. The subspace of G which is generated by /ip^ is the 
maximal i?-split torus in G in the sense defined above and its dimension is 
called the i?-rank which we will denote by r. If r is maximal such that r = I 
where I is the rank of G [l =dim/;,o), which also means that hp^ = ho then 
the Lie group G is said to be in split real form (maximally non-compact). 
In this case hp^ = ho is generated by all the Cartan generators {Hi} and 
= A+ so that the generators {Ef^} of no correspond to the entire set 
of positive roots. Thus the solvable Lie subalgebra sq coincides with the 
Borel subalgebra which is generated by the entire Cartan and the positive 
root generators of go for the split real form case. If on the other hand r is 
minimal such that r = then G is a compact real form. All the other cases 
in between are called non-compact semi-simple real forms. 

For the non-compact real form G if we consider the Iwasawa decomposi- 
tion and in (12. 2p if we use the basis {Hi, E^} which generates the solvable 

^In this respect the Iwasawa decomposition is not a Cartan decomposition but it intro- 
duces a solvable Lie algebra of which is isomorphic to po thus which generates another 
parametrization oi G/K via (|2.2p [9]. 
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Lie subalgebra Sq then we have the parametrization 

Exp : J2 ^{^i' ^/3} — ' ^/^- (2-4) 

(12.41) is called the solvable Lie algebra parametrization or the solvable Lie 
algebra gauge of the symmetric space G/K [11]. On the other hand when g 
is a split real form (maximally non-compact) if we use the Borel subalgebra 
basis which is made up of the entire set of the Cartan generators and the 
positive root generators; then (12. 4p is called the Borel parametrization or the 
Borel gauge of G/K. 

In summary in this section we have obtained a legitimate parametrization 
of the symmetric space G/K hj using the solvable Lie subalgebra sq of Qq. 
If we use the notation {Tm} for the basis vectors {Hj, \ j = 1, ...,r ; /3 e 
A+^} of So and if {ip"^{x)} are C°°-maps over the D-dimensional spacetime 
then the map 

i.(x) = e^'"(")'^™, (2.5) 

is an onto C°°-map from the D-dimensional spacetime to the Riemannian 
globally symmetric space G/K. The gauge map, (12.51) which depends on 
the scalar functions {ip'^{x)} is the building block in the construction of the 
symmetric space sigma model. 

3 Normalization Conditions and the Duality 
Transformations of the SSSM 

In this section we will obtain the field transformations of the two equivalent 
formulations of the symmetric space sigma model (SSSM) which are based 
on the solvable Lie algebra parametrization introduced in the last section. 
We will show that when one assumes a normalization convention relating 
the matrix representations of the basis that is used in (12.51) of the two sep- 
arate formulations one can find a correspondence between the sets of field 
definitions of the two distinct constructions. 

In order to construct the symmetric space sigma model we first consider 
the set of G- valued maps z/(x). They transform onto each other as — >■ 
k{x)ug, \/g & G, k{x) E K for some subgroup K of G. We will assume 
that the map z/(x) corresponds to a parametrization of the coset G/K (for 
convenience we will consider the left cosets). Thus as mentioned before we 
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assume that the map z/(x) is from the D-dimensional spacetime into the 
group G and its range is composed of the representatives of the left cosets of 
G/K. Moreover if G is a non-compact real form of a semi-simple Lie group 
and i^' is a maximal compact subgroup of G then G/K becomes a symmetric 
space and z^(x) can be taken as the map fl2.5p such that v{x) = e'^'"^^')^'" by 
using the Cartan and the Iwasawa decompositions as we have mentioned in 
the last section. In this case the transformation rule u —>■ k{x)vg, G G, 
k{x) & K which we assign on i>{x) preserves the gauge based on the Iwasawa 
decomposition. 

A lagrangian which is invariant under the transformations discussed above 
can be given as 

Ci = ^tr{*dM-^ AdM), (3.1) 

where the internal metric Ai is defined as = u'^u and c is a constant 
which may arise when the symmetric space sigma model is coupled to other 
fields. Here # is the generalized transpose over the Lie group G such that 
(exp((7))* = ea;p((7*). It is induced by the Cartan involution 6 over qq 
{g* = —9{g) Wg G go) [9J. As mentioned in [5J it is possible to find a 
matrix representation of the Lie algebra go in which 7^ coincides with the 
matrix transpose operator. For this reason one can define an induced # map 
over the group G as (expi^g))"^ = exp{g*). If the subgroup of G generated 
by the compact generators is an orthogonal group then in the fundamental 
representation of go the generators can be chosen such that = g^ for 
g e 5^0- Also if the subgroup of G generated by the compact generators is 
a unitary group then in the fundamental representation ^f* = g'^ for g E go- 
In our formulation we will assume that we choose a representation in which 
= g^ . The lagrangian (13.11) can be expressed in terms of the puUback of 
the Cartan-Maurer form 

g = diyu-\ (3.2) 

as follows 

= ^tr{*dM-^ A dM) 

= - tr{- * dvv^^ A {dvv^^)* + *dz/"V A v^^dv 

+ *d{u*)-^u* A {u*)~^du* + (*z/rfz/-i A {u-^)*du*)*) 
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= -tr{-*diyi^ ^ A{dw ^)* - *dvv ^ A di^u ^ 
+ *vdv'^ A dvv'^ - ^dvv'^ A {dvv^^)*) 

= -^tr{*g AG* + *g AQ). dSJD 

In the above derivation we have made use of the identities 

v^^dv = —du'^v , dvv~^ = —udv~^. (3-4) 

Also by bearing in mind the definition of u we have used the properties of 
the transpose operation such as 

= (zy#)-i , tr(z/#) = tr(z/) , (z/iZ/2)# = 44 , {^*)* = ^■ 

(3.5) 

Cychc permutations are always permissible under the trace operator how- 
ever one must be careful about the fact that if vi and V2 are matrix valued 
functions under the representation chosen then 

tr{dvi A *dv2) = {-l)'^^-^hr{*du2 A dui), (3.6) 

where D is the dimension of the spacetime. In the derivation of (13. 3p we 
have also used that (di/)* = d^u)"^ . Now we will explicitly calculate Q. By 
using the matrix identity 

rfe^e-^ = dC + ^[C, dC] + ^[C, [C, dC]] + (3.7) 

we obtain 

g = de^'^^e-^'^^ 

= dif'T, + ^[yp^T,, Vr,] + ^^T,, yr,, dip^n]] + .... 

(3.8) 

= d^^T, + ^^^d^^cl^n + ^^'^d^'c],cl{r, + .... 

= T A dyp. 
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We have defined 

[Tm-, Tn] = C^n^k- (3.9) 

Also the components of the row vector T are Tj = Hi for i = 1, ...,r and 

Ta+r = E'q for a = 1, ...,dimno. dip is a column vector of the field strengths 
{dip"^} and the dimsoxdimso matrix A can be given as 

~ ^ {n + l)\ 

"=° (3.10) 



e 



M 



I)M-\ 



where = ip^C]^^. If we insert the explicit form of Q calculated in (13.81) in 
the lagrangian (13. 3p we obtain 

£1 = -^Ar * V A ^^d^\tr{T^T*) + tr(T„T^)). (3.11) 

If we assume that the scalar maps when coupled to the generators in (I2.5P gen- 
erate ranges in a sufficiently small neighborhood around the identity element 
of go then we can introduce another parametrization of the coset elements as 
a product of two exponential maps 

u{x) = ei^'(-)^>e^''(")^^ (3.12) 

where the fields {0*} are called the dilatons and {x^} are called the axions. 
The maps in (I3.12p and (12. 5p can be chosen to be equal to each other if the 
locality condition of the range is assumed as discussed above [9l[T2 l[T3l[T4l[T5] . 
In [71 E] the Cartan form Q is calculated in terms of the fields {0*, x^} as 

g = ]^d<p'Hi + ¥.'ndx, (3.13) 

where we have defined the row vector (E% = e^"^'^' Ea and dx is a column 
vector of the field strengths of the axions {dx'^}- Also f2 is a dimnoxdimno 
matrix 

n = y^ 

^ (n + l)\ 

"=° (3.14) 
= (e"-/)cu-\ 
8 



The matrix uj is defined as cj^ = i^^/j where we define the structure 
constants and the root vector components as 

\E^,Ep\=Kl^E^ , [i7„Ej = a,E,. (3.15) 

By using (13.131) in (13.31) we can express the lagrangian £i in terms of the 
fields {0*, x^} as 

£^ = - J * d^)' A d(j)^{tr{HiH*) + tr{HiHA) 
8 

- ^ * A e-2''^^'F''{triH,E*) + tr{E^H*) + tr{H,E^) + tr{E^Hi)) 

_ ^ e^""^' * A e^^^^'F^{tr{E^E*) + tr{E^Ep)), (EH 
where we have defined 

F° = (3.17) 
If we compare the lagrangian we have obtained in (I3.16P with the one 

£ = - ^ A - ^ ^ e"''^" * A (3.18) 

which is given in [5l [7] and whose equations of motion are also derived therein 
we find that the normalization conditions for the matrix representatives of 
the basis elements {ifj, Ea\ must be in the form 

tr{HiHf) + tr{HiH,) = U,,, 

tr{H,E*) + tr{E^H*) + tr{H,E^) + tr{E^Hi) = 0, 

tr{Eo,E*) + tr{Eo^Efs) = h^p. (EH 
As already given in ^ if we compare (13.131) with (13.81) we can find the trans- 
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formation relations between the field strengths {dip"^} and {d(j)^, dx^} as 

Al^d^- = 

(3.20) 

where the indices above are j = 1, r; P, p = 1, ...,dimno; m = 1, ...,dimso = 
r+dimno and we should remark that we enumerate the roots (3 G A+^. 

As we have discussed in the introduction there exits another formulation 
of the symmetric space sigma model. By using another set of fields {f'"^} let 
us consider the coset element 

zy'(a;) = e^""(")^'". (3.21) 
We can define the Cartan form 

g' = v'-^dv' = P + Q, (3.22) 

where 

P = P"'Trn , Q = Q"i^„, (3.23) 

{Kn} being the generators of ko which is an element of the Cartan decompo- 
sition of go in (12.11) . In general in the gauge (13.211) the coset generators do not 
have to form up a subalgebra. Thus the Cartan form (13.221) can have com- 
ponents both in P and Q directions since the algebra product of the coset 
generators may result in the set {Kn}- However when we take the coset 
generators {T^} to be the generators of the solvable Lie algebra sq of the 
Iwasawa decomposition (12. 3p we have a simplification. As we will explicitly 
calculate in the following lines in this case we have 

Q = Q"is:„ = and G' = P. (3.24) 

This is owing to the fact that the coset generators being the generators of the 
solvable Lie algebra in this special gauge are not mapped on the generators 
{Kn} under the algebra product. If we assume a representation in which the 
generators {Kn} and {T^} of the Iwasawa decomposition (12. 3p are orthogonal 
namely 

tr{koSo) = 0, (3.25) 



10 



then the Iwasawa decomposition fl2.3l) satisfies the requirements of the de- 
composition needed to build up the equivalent vielbein formulation of the 
symmetric space sigma model which is invariant under the global G and the 
local K transformations thus an invariant lagrangian can be given as [H [2j^ 

£2 = ctr{*P AP). (3.26) 

We may explicitly calculate this lagrangian by calculating the Cartan form 
fl3.22p . By using the matrix identity 

e-^de^ = dC - -[C, dC] + -[C, [C, dC]] - (3.27) 
2 . 3 . 

one can calculate Q' as 

g' = e-^"^^de^"^^ 



d^'^T, - ^^H^'^c^^n + ^^"^'H^''c]^cl{r, - .... 



= T W d^p'. 

We have defined the dimsoxdimsg matrix W as 

;-i)"M'" 



(n + 1)! 

n=0 ^ ' 



(3.28) 



(3.29) 



= (/-e-*^')M'-\ 
where M'^ = (p'^C]^^. We can now write the lagrangian fl3.26p as 

£2 = dWl" * rf/ A W]^d^'Hr{TnTm). (3.30) 



■^Even if a representation which enables (|3.25p does not exist the transformation be- 
tween the fields which we will derive below justifies the definition of the lagrangian p.26p . 
Therefore the introduction of (I3.26P can legitimately be considered as a redefinition of 
fields. 
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As discussed before one can also express the coset map v' in terms of the 
dilatons 0'* and the axions as 

zy'(x) = el^"W^-e^"(^)^^ (3.31) 

In [H] in terms of the fields {0'*, x'"} the Cartan form Q' is calculated as 

g' = ]^d<p"Hi + ^^{U + d^), (3.32) 

where the components of the row vector (E)q, are Ea and 

= (3.33) 
Also the dimnoxdimno matrix 5] is 

S = yV^, (3.34) 
^ n + 1 ! ' ^ ^ 

n=0 ^ ' 

with u'J = -^2/3- ^ow if we compare (13.281) with (13.321) we find the 
transformation laws between the fields {^p'"^} and {0'*, x'^} as 

(3.35) 

w;^,+^rfy,'- = s^(f/^ + rfx"'), 

where i = 1, r; a, = 1, ...,dimno; and m = 1, ...,dimso = r+dimriQ. 

Now under a special set of normalization conditions we may find the field 
transformation laws between the primed and the unprimed fields. To find 
a straightforward transformation rule after inspecting the two lagrangians 
in (13.111) and (I3.30p we conclude that the normalization conventions in the 
first (unprimed) formulation and the second (primed) formulation should be 
chosen such that 

{tr{TM)2 = -^(tr(r„rj + tr(T„r#))i, (3.36) 

where the subscripts in (tr( ))i and (tr( ))2 correspond to the separate trace 
conventions for the matrix representatives we choose for the two formulations. 
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Under the above normalization conventions the comparison of 03.111) with 
fl3.30p now denotes that 

Ci = A, (3.37) 

if we identify 

This is obvious since if (13.381) is chosen then 

g = -g' and W = A. (3.39) 
Therefore from fl3.20p we have 

1 . 



(3.40) 



Finally comparing this result with (13.351) and using (13.391) leads us to the 
transformation relations between ^"^^ which we wish to 

find 

(3.41) 

e^^^<^^O^^ix" = -Sj(t/'' + rfx"')- 

Before concluding as a final remark we will mention about the relevance of 
the two formulations when the symmetric space sigma model is coupled to 
other fields = dA^. The interaction lagrangian in this case can be given 
as [31 H H [161 [H] 



2 

(3.42) 

2 

where we define 

M = v'*v'. (3.43) 

The total lagrangian in the second formulation of the symmetric space sigma 
model then becomes 

= c tr(*P A P) - A * F. (3.44) 
13 



As we have mentioned before if the subgroup of G generated by the compact 
generators is an orthogonal group then in the fundamental representation 
of go the generators can be chosen such that (7* = for g E go- The 
orthogonal global symmetry groups obey this property thus if G = 0{m,n) 
then in the fundamental representation we can take ( )* = ( One 
additional condition can be introduced for the coset elements z/' and u. As 
it can be explicitly seen in [TSl [IS] and also effectively used in [201 EB [22] 
when G = 0{m, n) one can choose a basis in which the coset representatives 
are locally represented by symmetric matrices so that we can assume locally 

u'^ = iy' , z/^ = z/. (3.45) 

When we choose our representation as above under the transformation law 
(I3.38P we have 

M = riM'v, (3.46) 

where rj is the indefinite signature metric which takes part in the definition 
of the orthogonal group G = 0{m,n). In general rj is a symmetric matrix 
which has m positive and n negative eigenvalues. If A G 0{m,n) then 

A^r]A = T]. (3.47) 

In writing (13.461) we have also used the fact that r^"^ = 77. Now if one assumes 
the transformation law (I3.38P one can use the lagrangian 

Ccoup = ^ tr{*dM-^ A dM) - y F AM*F', (3.48) 

instead of (I3.44p which becomes equal to the former under the prescribed 
duality transformations. In (13.481) we have also performed the transformation 

F' = riF, (3.49) 

on the gauge field strengths assuming the usual dimensional matching be- 
tween the number of the gauge fields and the dimension of the representation 
chosen for the coset representatives which is the dimension of the funda- 
mental representation of 0{m,n). When one performs the above-mentioned 
replacement for the lagrangians one should inspect the coexistence of the nor- 
malization conventions thus the transformation laws we have derived earlier 
with the local symmetry conditions (13.451) of the representation chosen. 
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4 Conclusion 



Since our analysis is based on the solvable Lie algebra gauge we have started 
with a discussion about how one can construct this gauge for the symmetric 
spaces. Then by assuming the solvable Lie algebra parametrization of the 
scalar coset, for two equivalent formulations of the symmetric space sigma 
model we have derived the lagrangians explicitly. We have compared the 
normalization conditions and obtained the duality transformation laws for 
the field contents of these separate formulations. Thus in this work we have 
not only studied the two equivalent formulations of the symmetric space 
sigma model in detail but we have also obtained the correspondence of their 
field contents by deriving the transformation laws between them. In addition 
we have extended the duality transformations to include the matter fields 
when the symmetric space sigma model has matter couplings. 

The majority of the scalar sectors of the supergravity theories with or 
without matter multiplets are formulated by symmetric space sigma models 
|23l| . However the scalar lagrangians are generally expressed in the second 
formulation mentioned in section three. Therefore one needs to find out the 
transformation laws between the field contents to express the supersymmetry 
transformation laws if the first formulation is used. By prescribing a rela- 
tion between the normalization conditions of the two constructions we have 
obtained the duality transformation laws. Since the supersymmetry requires 
certain coefficients for the scalar lagrangians when they are coupled to other 
fields we have taken general coefficients in our derivation. Our formulation 
also establishes the transformation rules between two separate parametriza- 
tions of the coset elements in either of the constructions. 

Although we have assumed a normalization convention for deriving the 
field transformations we have not questioned the explicit representations 
which may obey these normalization conditions. This issue can separately be 
studied in general terms or for specific examples of the supergravity theories. 
In constructing the representations which obey the normalization convention 
that we have introduced one has the degrees of freedom which the solvable 
Lie algebra parametrization provides. This is due to the fact that our anal- 
ysis is performed in a general and representation free formalism from the 
algebraic point of view. In this respect one has the freedom of choosing the 
Cartan decomposition, the root space decomposition, the Cartan subalgebra, 
the solvable Lie algebra, the basis, also the representation used for the Lie 
algebra of the global symmetry group G. Another comparison can also be 
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separately studied which relates the solvable Lie algebra gauge field content 
and the most general coset parametrization whose Cartan-Maurer form has 
also a piece in the K generators. 
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